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Abstract 

In this paper, we calculate the modification to the thermodynamics of a Schwarzschild 
black hole in higher dimensions because of Generalized Uncertainty Principle (GUP). 

We use the fact that the leading order corrections to the entropy of a black hole 
has to be logarithmic in nature to restrict the form of GUP. We observe that in six 
dimensions, the usual GUP produces the correct form for the leading order correc¬ 
tions to the entropy of a black hole. However, in five and seven dimensions a linear 
GUP, which is obtained by a combination of DSR with the usual GUP, is needed to 
produce the correct form of the corrections to the entropy of a black hole. Finally, 
we demonstrate that in five dimensions, a new form of GUP containing quadratic 
and cubic powers of the momentum also produces the correct form for the leading 
order corrections to the entropy of a black hole. 

PACS : 04.60.Be; 04.70.Dy 

1 Introduction 

The usual Heisenberg uncertainty principle is not consistent with the existence of a min¬ 
imum measurable length. This is because according to the usual Heisenberg uncertainty 
principle the particle position can be measured to an arbitrary accuracy if the momentum 
is not measured. Hence, the idea of a position measurement within a minimum length 
scale, beyond which one cannot measure the position accurately, is absent within the usual 
Heisenberg uncertainty principle. The existence of a minimum length scale is present in 
all approaches to quantum gravity. The picture of spacetime as a smooth manifold breaks 
down at the Planck scale, and this in turn implies the restriction that at least the Planck 
length acts as a minimum measurable length scale. In fact, there are strong indications 
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even from the physics of black holes, that any theory of quantum gravity should come 
equipped with a minimum length of the order of the Planck length This is because 

the energy needed to probe a region of spacetime below Planck length scale, will produce 
a mini black hole in that region of spacetime. This restricts the measurement of spacetime 
below the Planck length scale. The existence of a minimum length of the order of string 
length also occurs in string theory. As strings are the smallest probes that can be used to 
analyse any region of spacetime, it is not possible to probe spacetime below string length 
scale p m El El U\. It may be noted that a minimum length scale also exists in loop 
quantum gravity and leads to important phenomenological consequences. In fact, this 
minimum length in loop quantum gravity turns the big bang into a big bounce [8j. 

It is possible to generalize the Heisenberg uncertainty principle to a Generalized uncer¬ 
tainty principle (GUP) to make it consistent with the existence of a minimum measurable 
length scale [31 m 0 E]. However, the deformation of the uncertainty principle leads to 
the deformation of the Heisenberg algebra, and this in turn deforms the coordinate rep¬ 
resentation of the momentum operators m ei m hb ei mm lib] . The deformation 
of the coordinate representation of the momentum operator produces correction terms 
for all quantum mechanical systems. Another deformation of the Heisenberg algebra is 
motivated by the study of a Doubly Special Relativity (DSR) [Mill?, T8]. In DSR, Planck 
energy is a universal constant like the velocity of light and is motivated by developments 
in discrete spacetime [19] , spontaneous symmetry breaking of Lorentz invariance in string 
held theory [20], ghost condensation [21], spacetime foam models [[22], spin-network in 
loop quantum gravity [53], nonconnnutative geometry |24j . and Horava-Lifshitz gravity 
[23]. It may be noted that DSR has been generalized to curved spacetime and the re¬ 
sultant theory is called gravity’s rainbow [261 E2J. It has been possible to combine the 
deformation of the Heisenberg algebra coming from DSR with the deformation of the 
Heisenberg algebra coming from GUP [28]. The resultant commutator between the coor¬ 
dinates and momentum operators contain linear terms in the momentum, and this gives 
rise to non-local fractional derivative terms in all the quantum mechanical Hamiltonians 
except in one dimensional case. However, various interesting one dimensional quantum 
mechanical systems have been studied using this deformed Heisenberg algebra because 
such non-local terms do not exist for one dimensional Hamiltonians. The transition rate 
of ultra cold neutrons in gravitational held has been analysed using this deformed alge¬ 
bra [23]. It has been argued that the higher dimensional non-local Hamiltonians can be 
analysed using the theory of harmonic extension of functions [30!| [31]. 

The deformation of the Heisenberg uncertainty principle also modifies the thermody¬ 
namics of black holes This modification has been calculated for the Schwarzschild and 
Reissner-Nordstrom black hole in four dimensions [321 ESI [22 m E6l E7]. This was done 
by first writing expressing the bound on the maximum momentum in GUP, in terms of 
a bound on maximum energy of the system. This energy was then related to the energy 
of an emitted photon, and thus it could be related to the temperature of the black hole. 
The uncertainty in the position was then taken to be proportional to the radius of the 
event horizon of the black hole. This led to the modification to the temperature of the 
black hole from GUP. 

The existence of a logarithmic correction to the entropy of a black hole is a universal 
predication coming from all approaches which analyze leading order corrections to the 
entropy of a black hole [38, SHI SD> SH 32j- hi fact, it has been argued that logarithmic 
correction to the entropy would be the leading order correction to the entropy of any 
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thermodynamic system due to small statistical fluctuations around equilibrium, and as 
black holes are thermodynamic systems, the leading order corrections to the entropy of a 
black hole has to have the form of a logarithmic correction [43j. It may be noted that there 
is an ambiguity regarding the coefficient to this logarithmic correction to the entropy of a 
black hole, and this coefficient depends on the details of the model being considered. In 
this paper, we will study the thermodynamics of black holes in higher dimensions using 
the GUP. The important ingredient in our analysis is to use the fact that the leading 
order correction to the entropy has to have a logarithmic form, which in turn fixes the 
form of the GUP. This essentially amounts to reversing the argument used in previous 
studies. It is observed that in six dimensions, the usual GUP leads to the correct form 
for the leading order correction to the entropy of a black hole. However, in five and seven 
dimensions, one requires a linear GUP (which is obtained by a combination of the regular 
GUP with DSR) to produce the correct form for the leading order corrections to the 
entropy of a black hole. We also propose a new form of GUP which contains cubic and 
quadratic powers of the momentum. The correction to the entropy of a black hole in five 
dimensions corresponding to this new GUP is also obtained. 

The paper is organized as follows. In section 2, we present a discussion of the 
Schwarzschild black hole in higher dimensions, and obtain an expression for black rem¬ 
nants and critical masses in various dimensions. In section 3, we restrict the form of the 
GUP by constraining it to produce the correct form of the correction to the entropy of a 
black hole. Finally, we conclude this paper in section 4. 


2 Schwarzschild black hole in higher dimensions 


In this section, we will analyze the corrections to the thermodynamics of Schwarzschild 
black hole in d-dirnensions using the simplest form of the GUP. The relation between 
the mass and temperature of a black hole with the effect of the GUP taken into account 
will be used for calculating the heat capacity of the black hole in higher dimensions. We 
will then use this result to calculate the entropy of the black hole. In the subsequent 
discussion, we will use natural units c— 1 — h and k B = 1. 

We start our analysis by considering a a Schwarzschild black hole in d-dimensions with 
mass M. The metric for this black hole can be written as 


( 1 ) 


ds 2 — — (l -1 dt 2 + -j - v dr 2 + r 2 dflj_ 


~d —3 


(l r d-s) 


d- 2 


where is related to mass as follows 


1 6irGdM 


^ (d- 2)FU_2 ' (2) 

Here we have used the Newton’s constant G d in d-dimensions, which is related to the 
Planck mass as 


G d = 


M d ~ 2 

p 


We also need the volume of (d — 2) unit sphere, which is given by 

2vr(^) 

p(¥) ‘ 


^d-2 — „, d - 1 


(3) 


(4) 
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The horizon radius r^ can be calculated by solving the equation 


1 - 


r d- 
' h 


0. 


( 5 ) 


Thus, we obtain 

1 

Th = ld d ~ 3 = 

Near the horizon the uncertainty in the position of an emitted particle will be order of 
the Schwarzschild radius. So we can write 


167 tM 


(d-2)M^n d _ 2 


( 6 ) 


Sx = er h (7) 

where e is a calibration factor. Furthermore, uncertainty in the momentum for the particle 
can be written as 


5p = T. (8) 

As we are carrying out our calculations in the thermodynamic equilibrium, the tempera¬ 
ture of the emitted particle will be identical to the temperature of the black hole. 

The usual GUP is given by m 

5x5p > ^ jl + ^i(hp) 2 | (9) 

where l p is the Planck length (~ 10 -35 m) and [3 is a dimensionless constant. Therefore, 
we can write 


167tM 


(d - 2)M*-H} d _ 2 


T=l{l + (3 2 llT 2 }. 


( 10 ) 


Neglecting the effects coming from the GUP, we could write this expression as 


167 tM 


d .3 ^ 

T — 

2 


_(d-2)M p rf - 2 U d _ 2 
The temperature of the black hole is given by m 

T = A yr (r h )B r (r h ) 


( 11 ) 


where A(r ) and B{r ) are the coefficients appearing in the metric of the black hole 

ds 2 = —A(r)d,t 2 + dr 2 + h i jdx l dx :j . 


B(r ) 


( 12 ) 


(13) 


For Schwarzschild black hole, we have 


A(r) = B(r ) = 1 


h 

~d— 3 


(14) 
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and hence the temperature for the Schwarzschild black hole is given by 


d -3 1 

47T jj,d —3 


( 15 ) 


Now using this expression for the temperature of the Schwarzschild black hole in Eq. 
we obtain 


2vr 

d -3 ' 


(16) 


Substituting the value of e in Eq. 
of the black hole 


(10), yields the relation between mass and temperature 


M = a' 




d- 3 


(17) 


where 


/d-3\ (d 3) 

1- 

1 

1 

G 

cT 

1 

i_ 

V 47r / 

167T 


(18) 


and we have used l p = M p ~ l . 

Now we can calculate corrections to the heat capacity of the Schwarzschild black hole 
from the usual GUP as follows 


C 


dM 

~rf 


a' (d — 3) 




T 2 M 2 


(19) 


The remnant mass (where the evaporation stops) for the black hole can be obtained by 
setting C = 0 : 


Mrern 


= a 


( 2fj \ (d 3) 

\Mp) 


( 20 ) 


Furthermore, the temperature can be expressed in terms of mass as 


M'M 2 p ± M*M 12 - 4/3 2 M 2 

2/T 

where 

The temperature has to be a real quantity, so the critical mass is given by 


M cr = a' 


(2 P V d 3> 
\Kl 


( 21 ) 


( 22 ) 


(23) 


Thus, we have demonstrated that the remnant mass of the black hole is equal to its critical 
mass. 
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3 Black hole thermodynamics in various dimensions 


With the general formalism in place, we will now study the thermodynamics of black 
holes in different dimensions. The universality of logarithmic corrections as the leading 
order corrections to the entropy of a black hole will be used to fix the form of the GUP 
in various dimensions. We will first calculate the corrections to the thermodynamics in 
five dimensions. The heat capacity in five dimensions can be explicitly written as 

c = 2 “'(-^ + lf)’ (24) 

The entropy can be calculated using the heat capacity of this black hole as follows 

s = fc^r . (25) 

In five dimensions this yields 

s = 2 “'( 7 + 7 r )’ (26) 

However, this cannot be an acceptable form for the correction of the black holes entropy 
because it is known that the leading order correction to entropy of a black hole is a 
logarithmic correction. Thus, we need to consider a more general form of GUP to obtain 
the correct form of the entropy of a black hole in five dimensions. So, we use the linear 
GUP, which is obtained by combining DSR with the usual GUP, for this purpose [28] 

5x5p > j 1 ^(5p) 2 |. (27) 


Now this linear GUP modifies the relation between the mass and temperature of a black 
hole 


r _ J_ (1 _ _a_ , iV 

V/i 2 tt \T M p + Ml j 


So, the heat capacity can be written as 

„ 0 , / 1 a 1 

“ a { T 3 + Ml T 2 


M3 Ml J 


Using Eq. (25), we can obtain an expression for the entropy of the black hole 

a/3 2 


S = 2a' 


i a i 

3T3 ~ 2M p T 2 


lnT+ —T 

M} > 


(28) 


(29) 


(30) 


Finally, using the relation between mass and temperature given by Eq. (28), we can recast 
the entropy of a five dimensional Schwarzschild black hole as 


S = 


A 

4// 


+ 


3a 


(128tt 


' A ' 

,4/p 3 . 


3 (3 2 


A 


3af3 2 

167T 


In 


a (167t)3 
W p + M p 


(2567T 2 ) 3 \4 l p 


A 


,4/p 3 . 


(31) 
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where the area is expressed as A = fld- 2 r h^ d 2 ' ) - 

Now we will analyse the results in six dimensions. The expression for the heat capacity 


in six dimensions from the usual GUP can be obtained from Eq. (19) is given by 


C = 3d l- — 

\ T 4 


P 


1 p 4 ' 
A/|T2 + M*_ 


(32) 


Hence, the corrections to the entropy of the six dimensional Schwarzschild black hole from 
the usual GUP reads 


S 


_A_ _ 2 3V3_ (A_\ 
4/ p 4 4V2 tt (41/J 


p 4 /3 4 1 \(128 tt 2 Y ; [Ay 

P \% A ) 


(33) 


Even though this is an acceptable form for the entropy of a black hole, we will calculate 
the corrections to the entropy of a six dimensional Schwarzschild black hole from the 
linear GUP for completeness. The corrections to the entropy of the six dimensional 
Schwarzschild black hole from the linear GUP reads 


A a /2\ 2 / A \ * _ (a 2 - P 2 ) 3^3 / A \ * _ 27a 2 p 2 
4 1 4 + yir V3/ \Al p 4 ) 7r 4 a/2 \Al p 4 ) 167T 2 

27a 2 P 2 a Ai r / 4 V 

+ 32tt 2 “ A/p + 3Mpl2/ \4l./) ' 


(34) 


Finally, we study a seven dimensional black hole. Following a similar procedure, we obtain 
the corrections to the entropy of a black hole from the usual GUP in seven dimensions to 
be 


S = 



5 P 2 (A \ 

(47t) t \4 lp 5 J 


+ 5 P 2 


M 3 

p 

6iT 2 


(35) 


Once again this is not an acceptable form for the corrections to the 
as the leading order corrections have to be logarithmic in nature, 
a linear GUP given by Eq. (27), and calculate the corrections to 
dimensional Schwarzschild black hole from this linear GUP 


entropy of a black hole 
So, we again consider 
the entropy of a seven 


S 


A K (2)1 ( A \ 

Ad p “(^ U/y 

A5aP 2 f 4 \ 5 
(2)^(7r)f \4/ p 5 J 

19 aP 4 3 aP 4 
- o —I—rvw 


4-4 

3(27r) s 

5 P 4 

+ (2)f (7T)§ 


a 

W p 


+ (2tt)§ 



(36) 


This is an acceptable form for the corrections to the entropy of a black hole. Thus, we 
conclude that in Eve and seven dimensions, we need a linear GUP to obtain the correct 
form for the corrections to the entropy of a black hole. It should also be noted that both 
the linear and quadratic correction terms in the momentum uncertainty are required to 
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get the logarithmic correction. However, in even dimensions, the usual GUP is enough to 
generate the correct form for the corrections to the entropy of a black hole. 

Finally, we make another interesting observation. In absence of a linear term in GUP 
in five dimensions, the correct form for the leading order corrections to the entropy of a 
black hole can also be generated from a cubic power of momentum in the GUP. Thus, we 
propose a modified GUP which contains a cubic and quadratic powers of the momentum, 



(37) 


where 7 is a suitable parameter in the theory. The corrections to the entropy correspond¬ 
ing to this cubic form of GUP can now be written as 


2 

3 



(38) 


It may be noted that the coefficient of the logarithmic term depends upon the coefficient of 
the cubic power of the momentum in this new GUP. Thus, in five dimensions a logarithmic 
correction to the entropy can be obtained from an cubic or a linear power of momentum 
in the GUP. 

4 Conclusions 

In this paper, we calculate the leading order corrections to the entropy of a black hole 
in higher dimensions using a general form for the GUP. We use the fact that the leading 
order corrections to the entropy of any thermodynamic system are logarithmic in nature 
to constraint the form of the GUP that has to be used. We observe that in six dimensions 
the usual GUP produces the correct leading order correction term for the black hole 
entropy. However, in the five and seven dimensions we have to use the linear GUP, which 
is obtained by combining the regular GUP with DSR, to obtain the correct form of the 
leading order correction to the black hole entropy. Furthermore, it is known that in four 
dimensions the usual GUP produces the correct form for the corrections to the entropy 
of a black hole [25j. We also proposed a new form of GUP which contains cubic and 
quadratic powers of momentum. It was also demonstrated that this new form of GUP 
also produces the correct form for the correction of the entropy of a black hole in five 
dimensions. This suggests that in all even dimensions the usual form of GUP might be 
enough to produce the correct form for the the corrections to the entropy of a black 
hole. However, in odd dimensions an odd power of momentum in the GUP might be 
needed to produce the correct form for the corrections to the entropy of a black hole. 
It will be interesting to investigate this further in various dimensions, and with various 
modifications to the GUP. It will also be interesting to try to fold a general argument for 
this to be the case in all odd and even dimensions. 

It may be noted that there is an arbitrariness in the exact form of GUP, and there is 
a large class of phenomenologically valid form that produce the correct physical effects. 
Thus, we need a selection produce to reduce this large number of phenomenologically valid 












forms of GUP. Black hole thermodynamics seems to be that selection procedure. This is 
the first time that the form of GUP in different dimensions has been argued using black 
hole thermodynamics. The previous works in this direction, ended up calculating the 
corrections to the black hole thermodynamics using a selected form of GUP. It may also 
be noted that in higher dimensions other interesting solutions like black rings and black 
Saturn can exist. Corrections to such systems in higher dimensions using gravity’s rainbow 
has been recently studied pfH, 41)]. It would be interesting to repeat the present analysis for 
these objects, and analyse if the form of GUP fixed by a Schwarzschild black hole produces 
the correct form of the leading order corrections to the entropy of these black objects. 
Finally, we have also proposed a new GUP, which contains cubic and quadratic powers of 
momentum. It will be interesting to calculate the Heisenberg algebra corresponding to this 
new GUP, and the coordinate representation of the momentum operator corresponding to 
this new GUP. This new GUP will also deform all the quantum mechanical Hamiltonians. 
It will be interesting to investigate the phenomenological consequence of this GUP. In fact, 
it is expected that this new GUP with cubic and quadratic powers of momentum might 
lead to a discretization of space and time, as the linear GUP has lead to a discretization 
of space [30J 151] . and a modification of the Wheeler-DeWitt equation motivated by linear 
GUP has lead to a discretization in time m 
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